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From a single-box model…
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to a two-boxes model…
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to 3D models with many boxes

where boxes exchange tracers with each 
other (not only neighbors).



We have global models that cover the entire 
earth with a grid…



Proof of the existence of such grids can be 
seen in the photograph below:



More seriously, the awesome OCIM (Ocean 
Circulation Inverse Model) provide the advective-
diffusive transport on such global 3D grids.
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We thus have a discrete version of the tracer equation:

which we can rearrange into

∂x
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so if                  is affine, then     is affine… 
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in MATLAB
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Why is OCIM awesome?



Example: the ideal mean age of water,    .

advection and diffusion
increasing age (one second per second)

The age at the surface is quickly relaxed to zero

       is a diagonal matrix of 1’s in the surface only

and        is a fast restoring timescale (e.g.,           s).
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If                  is not affine, then     is not affine either

(most people say that       is nonlinear - including me) 
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But we can use Newton’s method!

1643—1727

xn+1 = xn −
[
∂f

∂x
(xn)

]−1
f(xn)
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Advection and diffusion

f(x) = −Tx+ (S− 1)(x− xobs)+eup/τres −
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<latexit sha1_base64="kSUCwibXBI5Y3qeGjT5Cetc0kGQ="></latexit><latexit sha1_base64="Q4SeP6q2wjhUGs51BsEjxejaAho="></latexit><latexit sha1_base64="Q4SeP6q2wjhUGs51BsEjxejaAho="></latexit><latexit sha1_base64="7vT8CB4da5pk5DziISlP8974Sh4="></latexit><latexit sha1_base64="ArFUn1TKV4aPr8ROKYb1Vr5h5gY="></latexit><latexit sha1_base64="juOigzV2lgg1QARnbIXvvWUEREA="></latexit><latexit sha1_base64="H/pkeVWG1vYDS9IZtZBZAPHkBhE="></latexit><latexit sha1_base64="H/pkeVWG1vYDS9IZtZBZAPHkBhE="></latexit><latexit sha1_base64="Q4SeP6q2wjhUGs51BsEjxejaAho="></latexit><latexit sha1_base64="Q4SeP6q2wjhUGs51BsEjxejaAho="></latexit><latexit sha1_base64="Q4SeP6q2wjhUGs51BsEjxejaAho="></latexit><latexit sha1_base64="Q4SeP6q2wjhUGs51BsEjxejaAho="></latexit>

Example: the silicate concentration,    .x<latexit sha1_base64="6IN7csUw1R5V3yigB7P45xCW/B4="></latexit><latexit sha1_base64="6IN7csUw1R5V3yigB7P45xCW/B4="></latexit><latexit sha1_base64="6IN7csUw1R5V3yigB7P45xCW/B4="></latexit>



Advection and diffusion
Biological uptake and remineralization at depth,

where     is the particle flux divergence.

         is the observed Si(OH)4 concentration

                  days      

This term reproduces the biological pump mechanism.

f(x) = −Tx+ (S− 1)(x− xobs)+eup/τres −
(
x− xobs

)
/τgeo

<latexit sha1_base64="kSUCwibXBI5Y3qeGjT5Cetc0kGQ="></latexit><latexit sha1_base64="Q4SeP6q2wjhUGs51BsEjxejaAho="></latexit><latexit sha1_base64="Q4SeP6q2wjhUGs51BsEjxejaAho="></latexit><latexit sha1_base64="7vT8CB4da5pk5DziISlP8974Sh4="></latexit><latexit sha1_base64="ArFUn1TKV4aPr8ROKYb1Vr5h5gY="></latexit><latexit sha1_base64="juOigzV2lgg1QARnbIXvvWUEREA="></latexit><latexit sha1_base64="H/pkeVWG1vYDS9IZtZBZAPHkBhE="></latexit><latexit sha1_base64="H/pkeVWG1vYDS9IZtZBZAPHkBhE="></latexit><latexit sha1_base64="Q4SeP6q2wjhUGs51BsEjxejaAho="></latexit><latexit sha1_base64="Q4SeP6q2wjhUGs51BsEjxejaAho="></latexit><latexit sha1_base64="Q4SeP6q2wjhUGs51BsEjxejaAho="></latexit><latexit sha1_base64="Q4SeP6q2wjhUGs51BsEjxejaAho="></latexit>

S
<latexit sha1_base64="/C2Lme4YiQIoKpOdkc9JVC3W7ls="></latexit><latexit sha1_base64="/C2Lme4YiQIoKpOdkc9JVC3W7ls="></latexit><latexit sha1_base64="/C2Lme4YiQIoKpOdkc9JVC3W7ls="></latexit>

xobs
<latexit sha1_base64="4IGixEFdkCX7Yktadwzg78RQp9k="></latexit><latexit sha1_base64="4IGixEFdkCX7Yktadwzg78RQp9k="></latexit><latexit sha1_base64="4IGixEFdkCX7Yktadwzg78RQp9k="></latexit>

τres ≃ 30
<latexit sha1_base64="gxS2rDyt/yLTDpCC4QIuvrE8RIE="></latexit><latexit sha1_base64="EYTWumykuk0nshAekQXy700cPP8="></latexit><latexit sha1_base64="EYTWumykuk0nshAekQXy700cPP8="></latexit>

Example: the silicate concentration,    .x<latexit sha1_base64="6IN7csUw1R5V3yigB7P45xCW/B4="></latexit><latexit sha1_base64="6IN7csUw1R5V3yigB7P45xCW/B4="></latexit><latexit sha1_base64="6IN7csUw1R5V3yigB7P45xCW/B4="></latexit>



Advection and diffusion
Biological uptake and remineralization at depth,

where     is the particle flux divergence.

         is the observed Si(OH)4 concentration

                  days      

This term reproduces the biological pump mechanism.

The geological restoring term,

which slowly restores the global inventory.

f(x) = −Tx+ (S− 1)(x− xobs)+eup/τres −
(
x− xobs

)
/τgeo

<latexit sha1_base64="kSUCwibXBI5Y3qeGjT5Cetc0kGQ="></latexit><latexit sha1_base64="Q4SeP6q2wjhUGs51BsEjxejaAho="></latexit><latexit sha1_base64="Q4SeP6q2wjhUGs51BsEjxejaAho="></latexit><latexit sha1_base64="7vT8CB4da5pk5DziISlP8974Sh4="></latexit><latexit sha1_base64="ArFUn1TKV4aPr8ROKYb1Vr5h5gY="></latexit><latexit sha1_base64="juOigzV2lgg1QARnbIXvvWUEREA="></latexit><latexit sha1_base64="H/pkeVWG1vYDS9IZtZBZAPHkBhE="></latexit><latexit sha1_base64="H/pkeVWG1vYDS9IZtZBZAPHkBhE="></latexit><latexit sha1_base64="Q4SeP6q2wjhUGs51BsEjxejaAho="></latexit><latexit sha1_base64="Q4SeP6q2wjhUGs51BsEjxejaAho="></latexit><latexit sha1_base64="Q4SeP6q2wjhUGs51BsEjxejaAho="></latexit><latexit sha1_base64="Q4SeP6q2wjhUGs51BsEjxejaAho="></latexit>

S
<latexit sha1_base64="/C2Lme4YiQIoKpOdkc9JVC3W7ls="></latexit><latexit sha1_base64="/C2Lme4YiQIoKpOdkc9JVC3W7ls="></latexit><latexit sha1_base64="/C2Lme4YiQIoKpOdkc9JVC3W7ls="></latexit>

τgeo = 106
<latexit sha1_base64="moZ0wARCjeG3wh0SO3i7+I/tTgQ="></latexit><latexit sha1_base64="onKqSFExVArOHxVzvQBSEyH5jrc="></latexit><latexit sha1_base64="onKqSFExVArOHxVzvQBSEyH5jrc="></latexit>

years

xobs
<latexit sha1_base64="4IGixEFdkCX7Yktadwzg78RQp9k="></latexit><latexit sha1_base64="4IGixEFdkCX7Yktadwzg78RQp9k="></latexit><latexit sha1_base64="4IGixEFdkCX7Yktadwzg78RQp9k="></latexit>

τres ≃ 30
<latexit sha1_base64="gxS2rDyt/yLTDpCC4QIuvrE8RIE="></latexit><latexit sha1_base64="EYTWumykuk0nshAekQXy700cPP8="></latexit><latexit sha1_base64="EYTWumykuk0nshAekQXy700cPP8="></latexit>

μM is the mean observed Si(OH)4 concentration

Example: the silicate concentration,    .x<latexit sha1_base64="6IN7csUw1R5V3yigB7P45xCW/B4="></latexit><latexit sha1_base64="6IN7csUw1R5V3yigB7P45xCW/B4="></latexit><latexit sha1_base64="6IN7csUw1R5V3yigB7P45xCW/B4="></latexit>

xobs ≃ 92
<latexit sha1_base64="Q3uOLhu+9IMqPS6N/kQcUMgCmb0="></latexit><latexit sha1_base64="Q3uOLhu+9IMqPS6N/kQcUMgCmb0="></latexit><latexit sha1_base64="Q3uOLhu+9IMqPS6N/kQcUMgCmb0="></latexit>



Advection and diffusion
Biological uptake and remineralization at depth,

where     is the particle flux divergence.

         is the observed Si(OH)4 concentration

                  days      

This term reproduces the biological pump mechanism.

f(x) = −Tx+ (S− 1)(x− xobs)+eup/τres −
(
x− xobs

)
/τgeo

<latexit sha1_base64="kSUCwibXBI5Y3qeGjT5Cetc0kGQ="></latexit><latexit sha1_base64="Q4SeP6q2wjhUGs51BsEjxejaAho="></latexit><latexit sha1_base64="Q4SeP6q2wjhUGs51BsEjxejaAho="></latexit><latexit sha1_base64="7vT8CB4da5pk5DziISlP8974Sh4="></latexit><latexit sha1_base64="ArFUn1TKV4aPr8ROKYb1Vr5h5gY="></latexit><latexit sha1_base64="juOigzV2lgg1QARnbIXvvWUEREA="></latexit><latexit sha1_base64="H/pkeVWG1vYDS9IZtZBZAPHkBhE="></latexit><latexit sha1_base64="H/pkeVWG1vYDS9IZtZBZAPHkBhE="></latexit><latexit sha1_base64="Q4SeP6q2wjhUGs51BsEjxejaAho="></latexit><latexit sha1_base64="Q4SeP6q2wjhUGs51BsEjxejaAho="></latexit><latexit sha1_base64="Q4SeP6q2wjhUGs51BsEjxejaAho="></latexit><latexit sha1_base64="Q4SeP6q2wjhUGs51BsEjxejaAho="></latexit>

S
<latexit sha1_base64="/C2Lme4YiQIoKpOdkc9JVC3W7ls="></latexit><latexit sha1_base64="/C2Lme4YiQIoKpOdkc9JVC3W7ls="></latexit><latexit sha1_base64="/C2Lme4YiQIoKpOdkc9JVC3W7ls="></latexit>

xobs
<latexit sha1_base64="4IGixEFdkCX7Yktadwzg78RQp9k="></latexit><latexit sha1_base64="4IGixEFdkCX7Yktadwzg78RQp9k="></latexit><latexit sha1_base64="4IGixEFdkCX7Yktadwzg78RQp9k="></latexit>

τres ≃ 30
<latexit sha1_base64="gxS2rDyt/yLTDpCC4QIuvrE8RIE="></latexit><latexit sha1_base64="EYTWumykuk0nshAekQXy700cPP8="></latexit><latexit sha1_base64="EYTWumykuk0nshAekQXy700cPP8="></latexit>

Computation time: a few minutes on my laptop!

Example: the silicate concentration,    .x<latexit sha1_base64="6IN7csUw1R5V3yigB7P45xCW/B4="></latexit><latexit sha1_base64="6IN7csUw1R5V3yigB7P45xCW/B4="></latexit><latexit sha1_base64="6IN7csUw1R5V3yigB7P45xCW/B4="></latexit>

The geological restoring term,

which slowly restores the global inventory.
τgeo = 106

<latexit sha1_base64="moZ0wARCjeG3wh0SO3i7+I/tTgQ="></latexit><latexit sha1_base64="onKqSFExVArOHxVzvQBSEyH5jrc="></latexit><latexit sha1_base64="onKqSFExVArOHxVzvQBSEyH5jrc="></latexit>

years
μM is the mean observed Si(OH)4 concentrationxobs ≃ 92

<latexit sha1_base64="Q3uOLhu+9IMqPS6N/kQcUMgCmb0="></latexit><latexit sha1_base64="Q3uOLhu+9IMqPS6N/kQcUMgCmb0="></latexit><latexit sha1_base64="Q3uOLhu+9IMqPS6N/kQcUMgCmb0="></latexit>



Why is OCIM awesome?

Because OCIM affords 
very fast computations!

OK… But is it useful for anything in particular?

Yes: OCIM allows 
parameter optimization!

Wait a minute… What parameters?



Optimization example: the Si cycle

Geological restoring

f(x) = −Tx+ (S− 1)(x− xobs)+eup/τres −
(
x− xobs

)
/τgeo

<latexit sha1_base64="NPvBtVQfvNQRA9A2OXK9MdCl2Gs="></latexit><latexit sha1_base64="1kRppFz+kRkjKskZVrEl2LgqmgA="></latexit><latexit sha1_base64="1kRppFz+kRkjKskZVrEl2LgqmgA="></latexit>

Advection and diffusion Biological pump



Geological restoring

f(x) = −Tx+ (S− 1)(x− xobs)+eup/τres −
(
x− xobs

)
/τgeo

<latexit sha1_base64="NPvBtVQfvNQRA9A2OXK9MdCl2Gs="></latexit><latexit sha1_base64="1kRppFz+kRkjKskZVrEl2LgqmgA="></latexit><latexit sha1_base64="1kRppFz+kRkjKskZVrEl2LgqmgA="></latexit>

There are some optimizable parameters,                              .

So now                depends on those parameters.

p = (p1, . . . ,pn)
<latexit sha1_base64="In4x54II93ElssuSpuEXD5PN/rw="></latexit><latexit sha1_base64="9n6Js5KrP6Us2BMTR+GzkTPkGRw="></latexit><latexit sha1_base64="9n6Js5KrP6Us2BMTR+GzkTPkGRw="></latexit>

f(p,x)
<latexit sha1_base64="K7WzwaB8U9rhBXR0ob+eTIYrgnI="></latexit><latexit sha1_base64="bGsRiVu7WLGu3xEVtICKFcAYnLM="></latexit><latexit sha1_base64="bGsRiVu7WLGu3xEVtICKFcAYnLM="></latexit><latexit sha1_base64="7vT8CB4da5pk5DziISlP8974Sh4="></latexit><latexit sha1_base64="371tEf9izah2CO13cHOMg/Dg+KY="></latexit><latexit sha1_base64="xjT7IlWfX4NxXCvJOnHSk/ujxBw="></latexit><latexit sha1_base64="KGEFsEXtyCpA5WAl0j+ctDVgwSQ="></latexit><latexit sha1_base64="KGEFsEXtyCpA5WAl0j+ctDVgwSQ="></latexit><latexit sha1_base64="bGsRiVu7WLGu3xEVtICKFcAYnLM="></latexit><latexit sha1_base64="bGsRiVu7WLGu3xEVtICKFcAYnLM="></latexit><latexit sha1_base64="bGsRiVu7WLGu3xEVtICKFcAYnLM="></latexit><latexit sha1_base64="bGsRiVu7WLGu3xEVtICKFcAYnLM="></latexit>

Advection and diffusion Biological pump

Optimization example: the Si cycle



Geological restoring

f(x) = −Tx+ (S− 1)(x− xobs)+eup/τres −
(
x− xobs

)
/τgeo

<latexit sha1_base64="NPvBtVQfvNQRA9A2OXK9MdCl2Gs="></latexit><latexit sha1_base64="1kRppFz+kRkjKskZVrEl2LgqmgA="></latexit><latexit sha1_base64="1kRppFz+kRkjKskZVrEl2LgqmgA="></latexit>

There are some optimizable parameters,                              .

So now                depends on those parameters.

We want to minimize the error of our estimate when 
we compare it to observations, so we build a cost 
function that represents this error by a scalar:

c(x) = δxT V δx
<latexit sha1_base64="3GTqvaY91I7FiTDJ5metRzsp/Do="></latexit><latexit sha1_base64="orCM77On1X4h9GCkSOMX8TFrltM="></latexit><latexit sha1_base64="orCM77On1X4h9GCkSOMX8TFrltM="></latexit>

where                            is the mismatch with observations, 
and      is a diagonal matrix of the volumes of the grid boxes.

δx = x− xobs
<latexit sha1_base64="pKpAycia/17DRS8aUTgFGcVQLLE="></latexit><latexit sha1_base64="xwuQRrCnOeCGxMWi6Niv2mFe7CA="></latexit><latexit sha1_base64="xwuQRrCnOeCGxMWi6Niv2mFe7CA="></latexit>

V
<latexit sha1_base64="JYXGPEL7DZJdEsGuZ8Z5jiS+VDI="></latexit><latexit sha1_base64="JYXGPEL7DZJdEsGuZ8Z5jiS+VDI="></latexit><latexit sha1_base64="JYXGPEL7DZJdEsGuZ8Z5jiS+VDI="></latexit><latexit sha1_base64="7vT8CB4da5pk5DziISlP8974Sh4="></latexit><latexit sha1_base64="cDCrOgEKuPDbNyYmO49UgZNDdpU="></latexit><latexit sha1_base64="hB0LJO7vIBR3DK27WX486M+Nz7w="></latexit><latexit sha1_base64="JYXGPEL7DZJdEsGuZ8Z5jiS+VDI="></latexit><latexit sha1_base64="JYXGPEL7DZJdEsGuZ8Z5jiS+VDI="></latexit><latexit sha1_base64="JYXGPEL7DZJdEsGuZ8Z5jiS+VDI="></latexit><latexit sha1_base64="JYXGPEL7DZJdEsGuZ8Z5jiS+VDI="></latexit><latexit sha1_base64="JYXGPEL7DZJdEsGuZ8Z5jiS+VDI="></latexit><latexit sha1_base64="JYXGPEL7DZJdEsGuZ8Z5jiS+VDI="></latexit>

p = (p1, . . . ,pn)
<latexit sha1_base64="In4x54II93ElssuSpuEXD5PN/rw="></latexit><latexit sha1_base64="9n6Js5KrP6Us2BMTR+GzkTPkGRw="></latexit><latexit sha1_base64="9n6Js5KrP6Us2BMTR+GzkTPkGRw="></latexit>

f(p,x)
<latexit sha1_base64="K7WzwaB8U9rhBXR0ob+eTIYrgnI="></latexit><latexit sha1_base64="bGsRiVu7WLGu3xEVtICKFcAYnLM="></latexit><latexit sha1_base64="bGsRiVu7WLGu3xEVtICKFcAYnLM="></latexit><latexit sha1_base64="7vT8CB4da5pk5DziISlP8974Sh4="></latexit><latexit sha1_base64="371tEf9izah2CO13cHOMg/Dg+KY="></latexit><latexit sha1_base64="xjT7IlWfX4NxXCvJOnHSk/ujxBw="></latexit><latexit sha1_base64="KGEFsEXtyCpA5WAl0j+ctDVgwSQ="></latexit><latexit sha1_base64="KGEFsEXtyCpA5WAl0j+ctDVgwSQ="></latexit><latexit sha1_base64="bGsRiVu7WLGu3xEVtICKFcAYnLM="></latexit><latexit sha1_base64="bGsRiVu7WLGu3xEVtICKFcAYnLM="></latexit><latexit sha1_base64="bGsRiVu7WLGu3xEVtICKFcAYnLM="></latexit><latexit sha1_base64="bGsRiVu7WLGu3xEVtICKFcAYnLM="></latexit>

Advection and diffusion Biological pump

←→
∫

d3r
(
χmod − χobs

)2
<latexit sha1_base64="CaK4CpSDdcvdm7e3BWrqCkxkynM="></latexit><latexit sha1_base64="kxs69Gl/cJizP+AgAuX7HkIlBZg="></latexit><latexit sha1_base64="kxs69Gl/cJizP+AgAuX7HkIlBZg="></latexit>

Optimization example: the Si cycle



p = (p1, . . . ,pn)
<latexit sha1_base64="In4x54II93ElssuSpuEXD5PN/rw="></latexit><latexit sha1_base64="9n6Js5KrP6Us2BMTR+GzkTPkGRw="></latexit><latexit sha1_base64="9n6Js5KrP6Us2BMTR+GzkTPkGRw="></latexit>

parameter values

steady state solution

Cost function
c(x(p)) = C(p)

<latexit sha1_base64="cgn+kpiJ4bjUUqhOKHwBN61ZwOc="></latexit><latexit sha1_base64="Y9rTxAeNADo83oyyAnDvRv37h3I="></latexit><latexit sha1_base64="Y9rTxAeNADo83oyyAnDvRv37h3I="></latexit>

x(p)
<latexit sha1_base64="zusdSSnmf5+kvXtkS67lzaZ0Fr0="></latexit><latexit sha1_base64="CXyLMmwCSMhu/XbeAuMz9GjsRsY="></latexit><latexit sha1_base64="CXyLMmwCSMhu/XbeAuMz9GjsRsY="></latexit>

Optimization example: the Si cycle



p = (p1, . . . ,pn)
<latexit sha1_base64="In4x54II93ElssuSpuEXD5PN/rw="></latexit><latexit sha1_base64="9n6Js5KrP6Us2BMTR+GzkTPkGRw="></latexit><latexit sha1_base64="9n6Js5KrP6Us2BMTR+GzkTPkGRw="></latexit>

parameter values

steady state solution

Cost function
c(x(p)) = C(p)

<latexit sha1_base64="cgn+kpiJ4bjUUqhOKHwBN61ZwOc="></latexit><latexit sha1_base64="Y9rTxAeNADo83oyyAnDvRv37h3I="></latexit><latexit sha1_base64="Y9rTxAeNADo83oyyAnDvRv37h3I="></latexit>

x(p)
<latexit sha1_base64="zusdSSnmf5+kvXtkS67lzaZ0Fr0="></latexit><latexit sha1_base64="CXyLMmwCSMhu/XbeAuMz9GjsRsY="></latexit><latexit sha1_base64="CXyLMmwCSMhu/XbeAuMz9GjsRsY="></latexit>

Find      such that                      .

e.g., using Newton’s method


 (nsold.m)

f(p,x) = 0
<latexit sha1_base64="MHY5ZZC6S61ir9OKz3lcu5VzctQ="></latexit><latexit sha1_base64="gpuksNknw8VoXwpb3sW96u4CrFI="></latexit><latexit sha1_base64="gpuksNknw8VoXwpb3sW96u4CrFI="></latexit>

x
<latexit sha1_base64="Z6CO0SDb2Pq23rZvHhnmjwXAxfg="></latexit><latexit sha1_base64="Z6CO0SDb2Pq23rZvHhnmjwXAxfg="></latexit><latexit sha1_base64="Z6CO0SDb2Pq23rZvHhnmjwXAxfg="></latexit>

Optimization example: the Si cycle



p = (p1, . . . ,pn)
<latexit sha1_base64="In4x54II93ElssuSpuEXD5PN/rw="></latexit><latexit sha1_base64="9n6Js5KrP6Us2BMTR+GzkTPkGRw="></latexit><latexit sha1_base64="9n6Js5KrP6Us2BMTR+GzkTPkGRw="></latexit>

parameter values

steady state solution

Cost function
c(x(p)) = C(p)

<latexit sha1_base64="cgn+kpiJ4bjUUqhOKHwBN61ZwOc="></latexit><latexit sha1_base64="Y9rTxAeNADo83oyyAnDvRv37h3I="></latexit><latexit sha1_base64="Y9rTxAeNADo83oyyAnDvRv37h3I="></latexit>

x(p)
<latexit sha1_base64="zusdSSnmf5+kvXtkS67lzaZ0Fr0="></latexit><latexit sha1_base64="CXyLMmwCSMhu/XbeAuMz9GjsRsY="></latexit><latexit sha1_base64="CXyLMmwCSMhu/XbeAuMz9GjsRsY="></latexit>

Find      such that                      .

e.g., using Newton’s method


 (nsold.m)

f(p,x) = 0
<latexit sha1_base64="MHY5ZZC6S61ir9OKz3lcu5VzctQ="></latexit><latexit sha1_base64="gpuksNknw8VoXwpb3sW96u4CrFI="></latexit><latexit sha1_base64="gpuksNknw8VoXwpb3sW96u4CrFI="></latexit>

x
<latexit sha1_base64="Z6CO0SDb2Pq23rZvHhnmjwXAxfg="></latexit><latexit sha1_base64="Z6CO0SDb2Pq23rZvHhnmjwXAxfg="></latexit><latexit sha1_base64="Z6CO0SDb2Pq23rZvHhnmjwXAxfg="></latexit>

Compare to observations

Optimization example: the Si cycle



p = (p1, . . . ,pn)
<latexit sha1_base64="In4x54II93ElssuSpuEXD5PN/rw="></latexit><latexit sha1_base64="9n6Js5KrP6Us2BMTR+GzkTPkGRw="></latexit><latexit sha1_base64="9n6Js5KrP6Us2BMTR+GzkTPkGRw="></latexit>

parameter values

steady state solution

Cost function
c(x(p)) = C(p)

<latexit sha1_base64="cgn+kpiJ4bjUUqhOKHwBN61ZwOc="></latexit><latexit sha1_base64="Y9rTxAeNADo83oyyAnDvRv37h3I="></latexit><latexit sha1_base64="Y9rTxAeNADo83oyyAnDvRv37h3I="></latexit>

x(p)
<latexit sha1_base64="zusdSSnmf5+kvXtkS67lzaZ0Fr0="></latexit><latexit sha1_base64="CXyLMmwCSMhu/XbeAuMz9GjsRsY="></latexit><latexit sha1_base64="CXyLMmwCSMhu/XbeAuMz9GjsRsY="></latexit>
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(e.g., fminunc.m)

Find      such that                      .
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Compare to observations

Optimization example: the Si cycle
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parameter values

steady state solution

Cost function
c(x(p)) = C(p)
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Compare to observations

Optimization example: the Si cycle



p = (p1, . . . ,pn)
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(e.g., fminunc.m)

Find      such that                      .

e.g., using Newton’s method
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f(p,x) = 0
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Compare to observations

This estimate depends

on the parameters

Optimization example: the Si cycle



p = (p1, . . . ,pn)
<latexit sha1_base64="In4x54II93ElssuSpuEXD5PN/rw="></latexit><latexit sha1_base64="9n6Js5KrP6Us2BMTR+GzkTPkGRw="></latexit><latexit sha1_base64="9n6Js5KrP6Us2BMTR+GzkTPkGRw="></latexit>

parameter values

steady state solution

Cost function
c(x(p)) = C(p)
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Optimize parameters

(e.g., fminunc.m)

Find      such that                      .

e.g., using Newton’s method
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f(p,x) = 0
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Compare to observations

This is the cost function

used by the optimizer

This estimate depends

on the parameters

Optimization example: the Si cycle



Some notes on Newton’s method

Newton’s method requires the computation of the 
Jacobian of     with respect to    .x
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This can be done in many ways:


• that is, write the code for the Jacobian (fast and accurate)


• using finite differences (slow and inaccurate) 

• using the complex step method (fast, accurate)

• using algorithmic differentiation (fast, accurate)

numerically:

Analytically:



Finite differences, CSD, and AD, example with Jacobian

(Abuse of notation here)
∂f

∂x
≃ f(x+ εI)− x

ε
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Finite differences

Complex Step Differentiation

∂f

∂x
≃

ℑ
[
f(x+ iεI)

]

ε
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(what MATLAB uses internally)

Algorithmic Differentiation (A.K.A. automatic differentiation)

No formula, but calculates the derivatives at every line of 
code that defines     (using the composition rule recursively).f
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Some notes on the optimization

The optimization of the parameters,     (e.g, using 
MATLAB’s fminunc), can go faster if you provide (I think):

• the Jacobian of      with respect to    

• the Hessian of      with respect to

C
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This can also be done (I think) in the ways mentioned before:


• that is, write the code for the Jacobian (fast and accurate)


• using finite differences (slow and inaccurate) 

• using the complex step method (fast, accurate)

• using algorithmic differentiation (fast, accurate)

numerically:

Analytically:



Some more notes on the optimization

f (p,x(p)) = 0
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=⇒
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∂f

∂p
+

∂f

∂x

dx

dp
= 0
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dC
dp

= −dc
dx

∂f

∂x

−1 ∂f

∂p
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One can derive the Jacobian from the steady state equation…

Use the composition rule:

And inject in the final result:

dC
dp

=
d

dp

[
c
(
x(p)

)]
=

dc
dx

dx

dp
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And even more notes on the optimization

One can derive the Hessian from the steady state solution too!

It is a bit more complicated, especially notation-wise… So this is 
merely an attempt to tackle it, and François may be able to explain it to us!

The composition rule for Hessian can be written as

d2C
dp2 =

d2c
dx2

(
dx

dp
⊗ dx

dp

)
+

dc
dx

d2x

dp2
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d2c
dx2 = 2V
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dc
dx

= 2(x− xobs)TV
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This one might

be tough

Already 

explained

(easy!)



And even more notes on the optimization (continued)

d2x

dp2
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             can be found from something like this 

∂2f

∂p2 +
∂2f

∂x2

(
dx

dp
⊗ dx

dp

)
+

∂f

∂x

d2x

dp2 = 0
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f (p,x(p)) = 0
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Could be full but smallish


Is huge but should be sparse! 
nx × np × np
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nx × nx × nx
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(would be zero anyway

in my example model)

Already 

explained

(easy!)

Jacobian

for Newton

nx × np × np
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size:



But be reassured…  
You do not have to go the analytical way! 

Although it can probably save you a lot of time in the long run.

fortuitous pun

You can use the usual finite differences and let MATLAB’s 
built-in functions (fminsearch, fminunc, etc.) do all the 
work.

You can use the complex step differentiation (CSD), but there is 
a bit of work and some caveats (but I love it - much elegance).

And you can probably use the algorithmic differentiation (AD), 
but I have not tried it myself, therefore I cannot recommend it.


